ABSTRACT. In this article we prove an upper bound for the Lyapunov exponent ´ µ and a two-sided bound for the integrated density of states AE´ µ at an arbitrary energy ¼ of random Schrödinger operators in one dimension. These Schrödinger operators are given by potentials of identical shape centered at every lattice site but with non-overlapping supports and with randomly varying coupling constants. Both types of bounds only involve scattering data for the single-site potential. They show in particular that both ´ µ and AE´ µ Ô decay at infinity at least like ½ Ô . As an example we consider the random Kronig-Penney model.
INTRODUCTION
In this article we will consider random Schrödinger operators À´ µ in Ä ¾´R µ of the form In what follows we always suppose that is supported on a compact interval and the single-site potential is integrable with support in the interval [-1/2,1/2]. Moreover, the random variables are assumed to form a stationary, metrically transitive random field, i.e. there are measure preserving ergodic transformations Ì ¾Z such that « ´Ì µ « ´ µ for all ¾ ª. The spectral properties of the operator (1) were studied in detail in [9, 7, 11, 16, 22] . The results are most complete for the case when is the point interaction (see [1] ).
The integrated density of states AE´ µ and the Lyapunov exponent ´ µ are important quantities associated with operators of the form (1) (see e.g. [4] ). In particular, according to IshiiPastur-Kotani theorem [15] the set ´ µ ¼ is the essential support of the absolute continuous part of the spectral measure for À´ µ.
The main idea of our approach is to approximate the operator (1) by means of the sequence
with unchanged À ¼ , which converges to À´ µ in the strong resolvent sense. This differs from the usual approach where one puts the whole system in a box, which then tends to infinity (see e.g. [4] ). In [12] (see also [13] ) we used this approximation to invoke scattering theory for the study the spectral properties of the limiting operator (1) . Some other applications of scattering theory to the study of spectral properties of such type Schrödinger operators in one dimension can be found in [11] and [22] .
One of the important ingredients of our approach developed in [12] is the Lifshitz-Krein spectral shift function. The spectral shift function naturally replaces the eigenvalue counting function usually used to construct the density of states for the operator (1 In particular in [12] we proved the almost sure existence of the limit (2) ´ µ Ð Ñ Ò ½ ´Òµ´ µ ¾Ò · ½ which we called the spectral shift density. Also we proved the equality ´ µ AE ¼´ µ AE´ µ, where AE´ µ and AE ¼´ µ ½ Ñ Ü´¼ µ℄ ½ ¾ are the integrated density of states of the Hamiltonians À´ µ and À ¼ respectively. This result also extends to higher dimension in the continuous [14] and discrete [5] cases. Also we showed that almost surely the Lyapunov exponent ´ µ at energy ¼ is given as [17, 18] . A complete proof has appeared in [12] .
We note that the theory of the spectral shift function was also recently used to show that the integrated density of states is independent of the choice of boundary conditions [19] on the sides of a large box, in which the system is put.
The conditions on the random variables « and the single-site potential stated above are slightly weaker than those in [12] . However the results of [12] which will be used below remain valid also in this more general case.
The aim of the present paper is to prove global bounds for the Lyapunov exponent and the integrated density of states, i.e. bounds which hold for all ¼ and describe the correct asymptotic behavior in the limit ½. These results are formulated as Theorems 1 and 2 below. To the best of our knowledge the first article to look for the asymptotic behavior of ´ µ and AE´ µ in the limit ½ is [2] . The best known estimate for the integrated density of states is due to Kirsch and Martinelli [10, Corollary 3.1] . This bound however does not reproduce the correct asymptotic behavior of AE´ µ in the large energy limit. Another estimate, which is due to Pastur and Figotin (see [20, Sec. V.11 .B]), is valid for an R-metrically transitive random field. Since our potential Î ´Üµ is a Z-metrically transitive field this estimate does not apply directly to the present situation. Our two-sided estimate leads to the bound (23) below which is very close to that of Pastur and Figotin. In what follows will denote a finite positive generic constant varying with the context, but which depends only on and .
We are indebted to Leonid Pastur for reading the preliminary version of this article.
THE LYAPUNOV EXPONENT
We recall that the scattering matrix Ë´ µ for a pair of Hamiltonians (À, À ¼ ) on Ä ¾´R µ at fixed energy ¼ is a ¾ ¢ ¾ unitary matrix (4) Ë´ µ Ì´ µ Ê´ µ Ä´ µ Ì´ µ where Ä´ µ and Ê´ µ denote the left and right reflection amplitudes respectively. The transmission amplitude Ì´ µ can vanish only for ¼ (see [8, 6] ). To any S-matrix (4) In fact, this factorization property is a consequence of the multiplicativity property of the fundamental matrix (see [12] for a proof and for references to earlier work). A short calculation gives With E denoting the expectation with respect to the measure P, by Jensen's inequality and (7) we therefore have the estimate
From the factorization property (6) ¼ uniformly for all « in the (compact) support of for fixed . Using the estimate (13) in (14) gives the estimate ¬ ·´ µ ½ · Ô for all large . Since ´ µ ´ÐÓ ¬ ·´ µµ ¾, this concludes the proof of the theorem.
Since ´ µ ¼, we obviously have the inequality ¬ ·´ µ ½ for almost all . We will give now a direct independent proof of this fact and simultaneously obtain an expression for ¬ ·´ µ. The matrix ´ µ may be written in the form ´ µ ´ µ ´ µ ´ µ ´ µ with ´ µ ¾ Ì «´ µ ¾ ½ ´«µ (14) ´ µ Ô Ê «´ µ Ì «´ µ ¾ ´«µ (15) This gives the two eigenvalues of ´ µ in the form (16) ¬ ¦´ µ ´ µ ¦ ´ µ Obviously ´ µ ½ and hence ¬ ·´ µ ½. In fact, ´ µ ½ is possible if and only if Ê «´ µ ¼ for almost all « in the support of . Then also ´ µ ¼ and ¬ ·´ µ ½. Actually (if ×ÙÔÔ has at least one non-isolated point) we do not believe there are nontrivial and for which this holds but in any case for such 's the Lyapunov exponent vanishes as is easily verified (see also [12] ), so this is a trivial confirmation of estimate (5) in this case. In the remaining case we trivially have ¬ ·´ µ ½.
As an example we consider the random Kronig -Penney model which is formally obtained from À´ µ by replacing with the Dirac AE-function at the origin. Then we have (correcting for a misprint on page 232 of [12] )
and our method still applies. This gives
Here for brevity by we denote the mean with respect to the probability measure P such that
In particular (19) gives
So also in this case ´ µ decays at least like ½ Ô as ½ and at least like ½ if the mean « of « vanishes, i.e. if on average the coupling constant is zero.
THE INTEGRATED DENSITY OF STATES
We denote by «´ µ the spectral shift function for the pair´À ¼ · « À ¼ µ. ¼ and all ¾ R. This bound however does not reproduce the correct asymptotic behavior of AE´ µ in the large energy limit. (5) and (22) (24) can be viewed as a subtracted dispersion relation (see e.g. [12] ).
The bounds
Proof. In [12] we proved (see Theorem 3.3 there and its proof) that for any two potentials Î ½ and Î ¾ with (compact) disjoint supports one has
where Ê ´ µ and Ä ´ µ are the right and left reflection coefficients for the Schrödinger equation with the potential Î , ½ ¾. Actually Theorem 3.3 in [12] states that ½¾´ µ ½ ¾ for all ¼. Now we improve on this estimate. As in [12] we set 
